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Dept. Lenguajes y Sistemas Informáticos
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Abstract

The nearest neighbour (NN) and k-nearest neighbour (k-NN) classification
rules have been widely used in Pattern Recognition due to its simplicity and
good behaviour. Exhaustive nearest neighbour search may become unpractical
when facing large training sets, high dimensional data or expensive dissimilarity
measures (distances). During the last years a lot of fast NN search algorithms
have been developed to overcome those problems, and many of them are based
on traversing a data structure (usually a tree) testing several candidates until
the nearest neighbour is found.

When these algorithms are extended to find the k nearest neighbours, the
classification time increases with the value of k. In this paper we propose a new
classification rule that makes use of the prototypes that are selected by these
algorithms in a 1-NN search as candidates to nearest neighbour. To illustrate
the behaviour of this rule, several fast and widely known NN search algorithms
have been extended with it, obtaining classification results similar to those of
a k-NN (k > 1) classifier without the extra computational overhead. Also,
previous work on approximate NN search for vector spaces has been extended
to algorithms suitable for general metric spaces, and has been combined with
the new classification rule.
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1 Introduction

Given a set P of prototypes, where each p ∈ P belongs to one of a finite set of
classes C, the nearest neighbour (NN) rule classifies an unknown sample into the
class of its nearest neighbour in P according to some similarity measure (a distance).
Despite its simplicity, the classification accuracy is usually enough for many Pattern
Recognition tasks. However, some tasks may require lower classification error rates,
and usually the k-NN rule [1] is used as a generalisation of the NN rule. The k-NN
classification rule is also simple: find the k nearest neighbours of the sample and



dnn := ∞
do until the training set P is empty

pi := argminp∈P Aprox(x, p) // Approximation
(a) d := d(x, p)

if d < dnn then

nn := p ; dnn := d // Update the current NN
(b) P := P − { q : q /∈ E(x, dnn) } // Elimination

endif

enddo

Figure 1: Approximation and elimination framework.

classify it by voting with the classes of the k nearest neighbours, i.e., assign the
majority class to the sample.

Although initially used in Pattern Recognition, the NN rule has been also of
interest for other fields such as data mining and information retrieval, which usu-
ally involves searching in very large databases and facing with high dimensionality
data. Whenever the classification task requires large training sets, expensive dis-
tance measures or high dimensionality, the simple exhaustive search for the NN
becomes unpractical. To overcome some of these problems, a large number of fast
NN search algorithms [2, 3, 4, 5, 6, 7] have been developed. Many of these algo-
rithms are suitable for any kind of prototype representation (vectors, strings, trees,
. . .) which allows to define a distance that holds the properties of a metric, that
is, they do not assume that the prototype is a vector and thus they do not make
use of the coordinates (see the work by Chávez et al. [8] for a review on NN search
algorithms in metric spaces).

Most of these fast NN search algorithms may be easily extended to find the k-
NN. However, the requirement of finding exactly the k-NN involves higher computing
effort, and that effort increases with the value of k.

Several search algorithms can fit into an approximation and elimination frame-
work [9], that can be formulated as in figure 1. The search process is seen as an
iterative process: using an approximation function, a candidate to nearest neigh-
bour is selected and its distance to the sample is computed. Then, if it is closer to
the sample than the current NN, it becomes the current NN and the training set is
pruned so that all the prototypes that are outside an hypersphere centered in the
sample with radius dnn (the distance to the current NN) are safely eliminated from
the training set. The process continues until the training set is empty, and then the
current NN will be the NN.



In this paper we propose a new classification rule that makes use of the prototypes
that are selected in a standard 1-NN search as candidates to nearest neighbour by
fast NN search algorithms. To illustrate the behaviour of this rule, several fast
and widely known NN search algorithms have been extended with it, obtaining
classification results similar to those of a k-NN (k > 1) classifier without the extra
computational overhead. Also, previous work on approximate NN search for vector
spaces has been extended to algorithms suitable for general metric spaces, and has
been combined with the new classification rule.

The paper is structured as follows: the next section briefly describes the new
classification rule, which is based on the approximation and elimination framework.
Then, the approximate NN search for some (metric spaces) algorithms is outlined.
The experiments section will show the results of the new rule when applied to various
NN search algorithms in experiments with synthetic and real data, and also the
results of combining the rule with approximate NN search. Finally, we will conclude
and outline some future work.

2 The k-NSN classification rule

Many approximation and elimination search algorithms are based on the following
idea: during preprocessing, a data structure is built to allow pruning of the training
set. Then, during classification, a candidate to nearest neighbour is selected and
stored, and its distance to the sample is computed. This distance is then used
to prune the training set (using the data structure) and maybe to select a new
candidate. This process ends when all the training set has been pruned or selected.
Extending such an algorithm to find the k-NN is usually simple: each time a distance
is computed (step (a) in figure 1), it is stored (along with the prototype) in a sorted
array that holds the k-NN found so far. Then, the distance used to prune the training
set is the distance to the kth nearest neighbour found so far, instead of the distance
to the current NN (dnn in step (b) of figure 1). This involves less pruning and
more distances to compute, which derives in an additional computational overhead,
always dependent on the value of k.

In this paper we propose a simple but powerful extension for any approximation
and elimination based NN search algorithm: when looking for the nearest neighbour,
each prototype selected and its distance to the sample are stored in a sorted array,
as for the k-NN search. However, the distance used to prune the training set is dnn,
so that the number of distances (and thus the computational effort) is the same as
for a standard NN search. The prototypes stored are called the k nearest selected
neighbours (k-NSN), and they are not exactly the k-NN. When the search finishes,



the sample is classified by majority voting using these neighbours (which include the
nearest neighbour), as in the k-NN rule.

This technique can be considered a new classification rule (the k-NSN rule)
which requires very little computational effort over a NN search (storing the k near-
est selected neighbours)1, and, as we shall see in a following section, it achieves
classification results very similar to those of the k-NN rule. Also, if this rule is
applied to an exhaustive NN search it yields the k-NN rule. The rule raises up as an
extension of previous work on the LAESA algorithm [10, 11]. Given that classifica-
tion time does not (highly) depend on the value of k, one may increase k as desired
to improve classification rates; however, as also happens with the k-NN rule, from
a certain value of k the rates start to worsen.

3 Approximate NN search in metric spaces

There are a number of real tasks for which finding exactly the NN (even using a fast
NN search algorithm) may become too slow; a number of approximate NN search
algorithms [12, 13, 14, 15] have been proposed to face these tasks, yielding slightly
worse classification rates but obtaining much lower classification times.

However, these algorithms are usually based on vector spaces of representation,
and this feature limits its range of application in Pattern Recognition tasks. More-
over, in some real tasks where a string or tree represents an object (and thus usually
the string or tree edit distance is used), classification times are much higher than in
vector space tasks. In this work we have extended some ideas from previous works
on approximate NN search in vector spaces to algorithms suitable for general metric
spaces: Fukunaga and Narendra’s [2], AESA [5], LAESA [10] and TLAESA [16].

In a widely known implementation of approximate NN search by Arya and Mount
[12], a priority queue is used in a kd-tree to store the nodes which the search algo-
rithm has still to visit. The key for the queue is some kind of lower bound of the
distance from the node to the sample, and the node with the minimum key is the
first to be extracted from the queue.

We have tested a similar idea with the Fukunaga and Narendra’s algorithm,
and with TLAESA (both tree-based algorithms): when a non-leaf node is visited,
its children are stored in the queue using a key, m, which is a lower bound of the

1The simplest implementation is to insert the new pair distance/prototype in a sorted array of k

pairs, if the distance is lower than the last one in the array. The extra time complexity over the NN
search is O(ck), where c is the number of computed distances. Although it is possible to reduce this
time complexity with a heap, this overhead is almost negligible when compared to the overhead of
computing c distances.



distance of the node to the sample2. In each step of the algorithm, the node with
the minimum key m is extracted from the queue, and the algorithm finishes when
the following condition holds:

m > dnn

where dnn is the distance of the current nearest neighbour to the sample. For an
approximate search, the condition has been changed to:

m · (1 + ε) > dnn

where ε is a parameter to tune the search: the higher the value of ε, the faster the
search, but the higher the error rate. The optimum value of ε is a trade-off between
classification time and allowable increase in the error rate, and should be determined
for each classification task.

In the Fukunaga and Narendra’s algorithm, any non-leaf node p has a representa-
tive Mp and a radius rp. When a node is visited, the distances of the representatives
of its children to the sample are computed and stored. Given a child p, the expres-
sion:

d(x,Mp) − Rp

is a (pessimistic) lower bound of the actual distance of the prototypes contained in
p to the sample. Thus, if the child is not eliminated by the elimination condition
of the algorithm (from which is derived the expression for the lower bound), it is
stored in the queue along with the lower bound as the key.

The TLAESA algorithm does not compute any distances when visiting a non-
leaf node; instead, it uses a lower bound of the distance from the representative Mp

to the sample, G[Mp], which is computed in the following way:

G[Mp] = maxb∈B |d(x, b) − d(b,Mp)|

where B is a subset of prototypes called base prototypes (see [10, 16] for the details).
The distances from each b ∈ B to the sample are computed in the first step of the
classification phase, and the distances d(b,Mp) are computed (and stored) prior to
classification, in a preprocessing step. The extension of this algorithm for approxi-
mate NN search has been done in a way very similar to that in the Fukunaga and
Narendra’s algorithm. The key for each node, which is also a lower bound of the
distance of all the prototypes in the node to the sample, is:

G[Mp] − Rp

2In the work by Arya and Mount, only the unvisited child (in a binary tree like the kd-tree) is
stored in the queue.



so that the lower bound G[Mp] is used instead of d(x,Mp).

The AESA and LAESA algorithms are not based on trees, and thus a different
scheme has been used. Both algorithms also compute a lower bound of the distance of
each prototype to the sample; in the case of LAESA, the lower bound is computed
exactly as in the TLAESA algorithm (in fact, the TLAESA algorithm is derived
from the LAESA algorithm). In the AESA algorithm, a lower bound of the distance
is also computed, but in a slightly different way (as if all the prototypes were base
prototypes). In each step of the search phase of the AESA or LAESA the algorithm,
the prototype p whose lower bound G[p] is the minimum is selected as a candidate
to NN; whenever

G[p] > dnn

the algorithm finishes. For approximate NN search, this condition has to be changed
into this one:

G[p] · (1 + ε) > dnn

No further changes are needed in both algorithms. This kind of approximate search
with these two algorithms is very similar to the search using a certain looseness [17].

4 Experiments with the k-NSN rule

Several series of experiments have been performed in order to test the application
of the k-NSN rule to various fast NN search algorithms (see table 1). All these
algorithms fit in an approximation and elimination framework, and all are suited
for general metric spaces except kd-tree, which requires point coordinates. The al-
gorithms of AESA family (AESA, LAESA, and TLAESA) focus on reducing the
number of distance computations, thus are best suitable for expensive distances.
The vp-tree and GNAT were developed to face large training sets and/or high di-
mensionality of data, and thus the number of distance computations is important
but it is not its main goal.

Two sets of experiments have been performed: first, a set of synthetic data
experiments to test the performance of the rule in a widely known environment.
Second, several tests have been performed with a real data task, human chromosome
classification. In both cases the main goal was to study the error rates of these
algorithms using the k-NSN rule and to compare them with the k-NN error rates.

4.1 Experiments with synthetic data

For these experiments we have generated Gaussian data from 8 classes of dimensions
10 and 20 using the algorithm for generating clustered data in [18]. Tests have been



Algorithm Author(s)

kd-tree Friedman et al.[3]
FN75 Fukunaga and Narendra [2]
vp-tree Yianilos [4]
AESA Vidal [5]
LAESA Micó et al. [10]
TLAESA Micó et al. [16]
GNAT Brin [6]

Table 1: Fast NN search algorithms which have been extended with the k-NSN rule.
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Figure 2: Comparison between k-NN and k-NSN classifiers, with synthetic data
of dimensions 10 and 20. The error bars are plotted only for the k-NN rule and
correspond to a 95% confidence interval.

performed using 10 differents pairs of training and test sets, with 4096 and 1024
prototypes respectively. The plots compare the error rate of the k-NSN and k-NN
rules as the value of k increases (figure 2). These results show that k-NSN and
k-NN error rates are very similar (and are almost the same for dimension 20), and
are better than those of an NN classifier.

Although the definition of the k-NSN rule assures that the number of distance
computations remains the same as in the NN rule, an experiment has been developed
to verify it and also to show that in the k-NN rule the number of distances increase
with the value of k. Figure 3 shows the results for the Fukunaga and Narendra’s
algorithm, named FN75 in the plots.3

3The results with all the other algorithms are similar and are not showed for brevity.
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Figure 3: Average distance computations of k-NSN and k-NN rules using the Fuku-
naga and Narendra’s algorithm (FN75), with synthetic data of dimensions 10 and
20.

4.2 Experiments with real data

The real data experiments have been developed for a human chromosome classifi-
cation task [19, 20, 21]. The chromosome database contains 4400 samples coded as
strings, and the edit or Levenshtein distance [22] has been used for this task; the
kd-tree makes use of the coordinates of the prototypes, so it has not been tested
with this database. The database is splitted into two sets of 2200 samples each, and
two experiments have been performed using one of them for training and the other
one for test. Figure 4 shows the average error rates of k-NN and k-NSN classifiers
as the value of k increases. There is a parameter for LAESA and TLAESA (see
[10, 16] for more details), the number of base prototypes, which has been set to 40.

The average number of distance computations and classification times are plotted
in figures 5 and 6. Each individual plot compares k-NN and k-NSN values as the
value of k increases. The results confirm that the number of distance computations
and the average classification time per test sample of the k-NSN rule does not depend
on the value of k; also, the plots show the main advantage of the k-NSN rule over the
k-NN rule: whereas in the k-NN rule the time performance worses as the value of k
increases, the k-NSN rule maintains the same time as the NN rule, while obtaining
almost the same error rates than the k-NN rule.

4.3 How many of the k-NSN are among the k-NN?

The k-NSN rule obtains error rates very close to those of the k-NN, and one may
think that this is due to the fact that many of the k-NSN are in fact among the
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Figure 4: Error rate of k-NN and k-NSN rules in chromosome classification.

k-NN. Another possibility is that the k-NSN, even not matching exactly with the
k-NN, are near at the same distance to the sample.

In order to study this question we have developed two experiments: in the first
one, using synthetic data from varying dimensions (from 5 to 50) and taking two
measures: the percentage of matching, that is, how many of the k-NSN are among
the k-NN, and the relation between the distance of the last k-NSN and the last
k-NN. The experiment has been repeated with 10 different pairs of training and
test sets of 4096 and 1024 prototypes respectively. Figures 7 and 8 show a plot
and a table with the results, which show that when dimension increases both the
percentage of matching and the relation get close to the optimum (100% and 1).
This is why the k-NSN error rates are almost the same as the k-NN rates when data
dimension increases.

Our second experiment on this question was far more ambitious. We thought
that if the percentage of matching clearly closes or reaches 100% when increasing
the training set size, we could state that, in the limit (when the training set size
closes infinite), the k-NSN match exactly the k-NN, and thus the k-NSN rule has
the same statistical properties as the k-NN rule, i.e., that its error rate is bounded
by as much 2 times the Bayes error [23]. The second experiment tries to see if this
hypothesis holds. In this case, the training set size was varying from 1024 to 65536,
with dimension 10, and the test set had 1024 prototypes. The results are plotted in
figure 9, and they seem to prove that our hypothesis was not true.
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the chromosome classification task.
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Figure 6: Comparison between k-NN and k-NSN average classification time per
sample in the chromosome classification task.
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Figure 7: Percentage of the k-NSN that are among the k-NN, for synthetic data of
various dimensions.
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Figure 8: Relation between the distance to the sample of the kth NSN and the
distance of the kth NN, for synthetic data of various dimensions. The value 1.00
indicates that is slightly greater than 1, but not exactly 1.
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5 Experiments with approximate NN search

The goal of approximate NN search is to reduce classification time, maybe slightly
increasing error rates. In order to test the approach proposed in section 3, several
experiments with both synthetic and real data have been developed. For the syn-
thetic data, the objective was to compare the error rates and distance computations
of the algorithms for general metric spaces with the algorithm by Arya et al. [12],
in whose ideas we inspired to develop our technique. In the case of real data tasks,
we have developed experiments with the chromosome classification task, using the
string edit distance.

5.1 Experiments with synthetic data

The implementation the Arya and Mount algorithm was taken from the ANN soft-
ware package [24], and the experiment was developed with dimension 10 data, using
4096 prototypes for training and 1024 for test. As in previous experiments, 10 dif-
ferent pairs of train/test sets were used. The value of k was set to 25, and in both
cases the classification rule was the k-NN rule. Figure 10 plots the error rates and
the distances computed by all the algorithms with increasing value for ε. The re-
sults show that ANN error rates are only beaten by the Fukunaga and Narendra’s
algorithm, but it computes a higher number of distances; however, the ANN pack-
age uses kd-trees, which compute a high number of partial distances (which have
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Figure 10: Comparison of error rates (left) and distances computed (right) for the
ANN, Fukunaga and Narendra’s algorithm, AESA, LAESA and TLAESA.

not been accounted in this experiment). The AESA family algorithms seem to be
competitive only for very low values of ε, as its error rates increase very quickly with
the value of ε.

5.2 Experiments with real data

Approximate NN search is specially indicated when the distance is very time con-
suming, as in the case of the string edit distance in the chromosome classification
task mentioned before. Figure 11 plots the results for a simple 1-NN search using
various values for ε; dotted lines represent error rates, whereas non-dotted lines rep-
resent average classification time per sample. As can be appreciated in the figure,
the Fukunaga and Narendra’s algorithm seems to be the best if we exclude the AESA
algorithm, that has a quadratic spatial complexity that limits its applicability. The
LAESA and TLAESA results are almost equal due to the fact that both use the
same lower bound of the distance from a prototype to the sample.

For the chromosome task the optimum value of k is 11 (see figure 4), and thus
we tested the approximate search with k = 11 on the Fukunaga and Narendra’s al-
gorithm, using both the k-NN and k-NSN rules. The results are plotted in figure 12,
and show that using approximate search in combination with the k-NSN rule pro-
duces a lower classification time, but with an error rate that is slightly higher than
k-NN rate. The important point is that the behaviour of the k-NSN rule remains
the same with approximate search than with standard search.
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6 Conclusions and future work

A new NN based classification rule (the k-NSN rule) has been developed and tested
with various well known fast NN search algorithms, which fit into the approximation
and elimination framework: kd-tree, Fukunaga and Narendra’s, vp-tree, GNAT. The
rule has also been tested with the algorithms of AESA family, which also fit in the
approximation and elimination framework.

The experiments show that classification results similar to those of the k-NN
rule are obtained using this rule with very little extra computational effort with
respect to a NN classifier. Whenever a fast approximation and elimination NN
search algorithm is applicable, it may be easily modified to classify using the k-
NSN rule and thus it may obtain error rates lower than those of NN, without the
extra overhead of searching for the k-NN. Moreover, the time performance of k-NSN
classifiers does not depend on the value of k, and the error rates decrease (and get
closer to those of the k-NN rule) as the dimensionality increases. The k-NSN rule
may be an alternative for the k-NN rule when classification time is an important
question in a classification task; also, it may be employed to determine the optimum
value for k in the design of a classifier, even if the k-NN rule is finally chosen.

In addition to this rule, previous work on approximate NN search for vector
spaces has been extended to algorithms suitable for general metric spaces, and it
has been combined with the k-NSN rule, yielding very interesting results for real
tasks.

There is still a lot of work to do to explore the possibilities and range of appli-
cation of the k-NSN rule and approximate NN search. As for the future, we plan
to:

• study the evolution of k-NSN error rates as the value of k become higher than
those tested in this work, and compare them with k-NN,

• test the performance of the k-NSN rule as the dimensionality or the number
of classes increase, and

• apply the k-NSN rule to other approximation-elimination NN search algo-
rithms.

• extend approximate NN search to other algorithms not based on vector spaces,
and study its performance in combination with the k-NSN rule.
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