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Abstract

A new bottom-updistancemeasue for labeled trees,
which is basedon the largest commonforest of the trees
and hasthethreefoldadvantage of independencef partic-
ular editcostsJow compleity, andcoverage of orderedand
unorderedtreesis introducedandrelatedin this paperwith
other distancemeasues publishedin the literature. Algo-
rithmsfor computingthe bottom-updistancein time linear
in the numberof nodesare givenin full detail.

Key words designand analysisof algorithms,combi-
natorialproblems graphalgorithms patternmatching tree
patternmatching,treeisomorphism subtreeisomorphism,
editdistancemetricspace)argestcommonforest

1 Intr oduction

Trees count among the most common combinatorial
structuresn computersciencewith agreatvarietyof appli-
cationareas.Theproblemof comparingandmatchingtrees
findsapplicationin areasasdiverseascompilerdesign[1],
term rewriting [22], graphtransformation[17], symbolic
computation[11], information retrieval [15], image pro-
cessind18], patternrecognition16], signalprocessing5s],
moleculariology [20], chemistry[24], andmary others.

Relatedo the problemof comparingreesis thetreepat-
ternmatchingproblem,which is analogougo the problem
of stringpatternrmatching.A stringpatternrmatcheiis apro-
gramthattakesasinputa patternandatext andproducess
outputthelocationsin thetext at which the patternappears
asasubstring.In treepatternmatching the patternandthe
text arerootedtrees andthe patternmatchingproblemcon-
sistsof finding all subtreesf the text that areisomorphic
to the patternor, morein general,all subtreesof the text
thatareisomorphicto a subtreeof the pattern. Sincethese

commonsubtreesetweerthe patternandthe text indicate
the extent to which patternandtext coincide,tree pattern
matchingis alsousefulfor comparingreesand,asa matter
of fact, severaldistancemeasure$or comparingtreeshave
beenproposed14, 19, 25, 26, 28, 30] whichessentiallydif-

fer ontheunderlyingnotionof subtree.

In this paper a nev bottom-up distancemeasurebe-
tweenrooted, labeledtrees,which is basedon the largest
commonforestof the trees,is introducedand relatedwith
other distancemeasuregublishedin the literature: edit
distance[25], top-down distance[19, 30|, alignmentdis-
tance[14], andisolated-subtredistanceg26]. The bottom-
up distance,which actually is a particular case of the
isolated-subtredistancejs shovn to coincidewith thetop-
down distanceonly for isomorphictrees extendingthusthe
hierarchyamongtreeeditdistanceslevelopedin [29].

An advantageof thebottom-updistancds thatno partic-
ulartreeedit operationgogethemwith their costsneedto be
defined.Anotheradvantagéds thelow compleity: it canbe
computedn time linearin the size of the trees,on rooted,
labeled,orderedtreesof unboundediegree. A further ad-
vantages thefactthatthe bottom-updistancehasthesame
low complexity for unorderedrees.

The following notationwill be usedin the restof this
paper For arootedorderedireeT’, let n denotethe number
of nodesof T', let t[i] denotethe nodeof T" whoseposition
in the preordertraversalof T is 4, with 1 < ¢ < n, and
let par(z) denotethe preordemumberof the parentof node
t[i]. LetalsoT'[{] denotethesubtreeof T' rootedatnodet[i].
Nodet[:] is saidto beto theleft of nodet[j] if ¢ < j. The
rightmostnodeof T'[7] is, then,thenodeof T'[i] with largest
preordemumber Recallthatanorderedtreeis arootedtree
thathasbeenembeddedn the plane,thatis, suchthatthe
relative orderof thechildrenis fixedfor eachnode.A forest
is asetof zeroor moredisjointrootedtrees.Recallalsothat
two treesT; andT; areisomorphicdenotedoy Ty = Ty, if
they eitherareboth emptyor have identicalroot labeland
the subtreegootedat correspondinghildrenof their roots
areisomorphic.

Only orderedtreeswill be consideredn the restof the
paperin orderto ease¢hecomparisorof thebottom-updis-
tancewith previousdistancemeasuresHowever, the nota-
tion, algorithms,and resultsaboutthe bottom-updistance
extendin a straightforvardway to unorderedrees,andthe
algorithmsare given for orderedtreesand for unordered
treesaswell.

The restof the paperis organizedasfollows. Previous
distancemeasuredetweenorderedtreesare reviewed in
Section2. In Section3, the new bottom-upmeasurebe-
tweenorderedtreesis introducedandits relationshipwith
the otherdistancemeasuress established Algorithms for
computingthe bottom-updistancearegivenin Sectiond in



full detall. Finally, Section5 presentsomeconclusions.

2 DistanceMeasuresbetweenTrees

Previous distancemeasuregor comparingtreesare es-
sentially the generalizatiorto treesof the (weighted)edit
distancebetweenstrings[2, 6, 13, 23, 32]. The distance
betweertwo treesis givenby the shortestor the least-cost
sequencef elementanedit operationginsertion,substitu-
tion, anddeletionof labelednodes)thatallow to transform
onetreeinto the other Despitetheir original definition in
termsof elementaryedit operationsdistancemeasurede-
tweentreescanalsobe statedn termsof mappings.

2.1 Edit Operations,Edit Distance,and Mappings

A mappingestablishes one-to-onecorrespondencke-
tweenthe nodesof two orderedtreeswhich preseresthe
orderof siblingsandancestorsMappingswereintroduced
in [25] in orderto describehow a sequencef edit opera-
tionstransformsatreeinto anotherone.

Definition 1. A mappingfrom a treeT} to a treeT; is a
set M of ordered pairs of integers (i,5), 1 < i < n1,
1 € j < ne, satisfyingthe following conditions,for all
(i1, 1), (i2, j2) € M:

e iy = iy if, andonlyif, j; = jo;

o t1[i1] is to theleft of ¢ [iz] if, and only if, ¢2[j1] is to
theleft of t2[j2];

e t1[i1] isanancestomof ¢ [i5] if, andonlyif, t2[j1] isan
ancestorf t5[ja].

As amatterof fact,amappingfrom atreeT; to atreeT;
describeshe editoperationghatallow to transformT; into
T>. A nodet,[i] with no pair (¢,5) € M is deletedfrom
Ty, apair (i, j) € M indicatesthe substitutionof nodet; [i]
by nodets[j], anda nodet,[j] with no pair (i,j) € M is
insertednto T5.

Let M beamappingfrom atreeT; to atreeTs, let S
be the setof pairs (i,j) € M with ¢1[i] andts[j] having
differentlabel,let D bethe setof nodest; [i] with no pair
(i,7) € M, andlet I bethesetof nodests[4] with no pair
(i,7) € M. Thecostof mappingM isgivenby |S|p+|I|g+
|D|r, wherep is the costof a non-identicalsubstitution,g
is the costof aninsertion,r is the costof a deletion,and
the costof identicalsubstitutionss 0. It is usualto assume
unit cost[21, 29|, wherethe costof identical substitutions
is 0 andthe costof all othereditoperationgdeletionsnon-
identicalsubstitutionsandinsertions)is 1.

Example 1. In the mappingM fromtreeT; to treeT’ of
Figure 1, nodest [1], t1[7], t1[8], t1[9], t1[10] are mapped

to nodests[1], t2[5], t2[6], t2[7], t2[8], respectively nodes
t1[2], t1[3], t1[4], t1[5], t1[6] are deletedromT;, andnodes
t2[2], t2[3], t2[4] are insertedinto T5. Sincetherearen; —

|M| = 10 — 5 = 5 nodedeletions ho non-identicalsubsti-
tutions,andn, — |M| = 8 — 5 = 3 nodeinsertions thecost
of the mappingis 3¢ + 5r. Underthe assumptiorof unit
cost,thecostof mapping/ is 8.
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Figure 1. Sample mapping.

The edit distancebetweenorderedtreeswasintroduced
in [25], and an algorithm was given in [31] to com-
pute the distancebetweentwo orderedtreesT; andT> in
O(n1n2logni logns) time. The edit distanceproblemfor
unorderedreeswasshavn to be NP-completen [33].

Definition 2. The edit distancefrom tree T} to tree Ty is
thecostof a least-cosmappingbetweerl; andTs.

2.2 Alignment Distance

Other distancemeasuredetweentreesimposefurther
conditionson mappings. The alignmentdistancebetween
orderedtreeswas introducedin [14], wherean algorithm
was given to computethe distancebetweentwo ordered
treesT; andTs in O(ninslogn, logns) time, andwhere
thealignmentproblembetweerunorderedreeswasshavn
to beMAX SNP-hard.

Definition 3. A mappingis an alignmentif it can be ex-
tendedto an isomorphismbetweenthe underlying unla-
beledtreesafter insertinga leastnumberof nodesinto the
two trees.ThealignmentdistancefromtreeT; to treeTs is
the costof a least-costalignmentmappingbetweeril’; and
Ts.

2.3 Isolated-SubtreeDistance

Theisolated-subteedistancebetweerorderedreeswas
introducedin [26], wherean algorithmwasgivento com-
pute the distancebetweentwo orderedtreesT; andT5 in
O(n1n2) time. Isolated-subtreenappingsalwaysmapdis-
joint subtreego disjoint subtrees.



Definition 4. A mappingM froma treeT; to atreeTs is
isolated-subteeif it satisfieghefollowing condition,for all

(41, 41), (12, j2) € M:

o therightmostnodeof T} [i;] is to the left of ¢;[is] if,
andonlyif, therightmostnodeof T [j] is to theleft of

ta[ja].

Theisolated-subteedistancefromtreeT to treeTs is the
cost of a least-costisolated-subtee mappingbetweenT}
andT5.

2.4 Top-Down Distance

Thetop-downdistancebetweerorderedreeswasintro-
ducedin [19], andan algorithmwasgivenin [30] to com-
putethe distancebetweertwo treesT; andT5 in O(nins)
time. In a top-dovn mapping,the parentsof nodesin the
mappingarealsoin the mapping.

Definition 5. A mappingM froma treeT; to atreeTs is
top-downif it satisfiesthe following condition, for all i, j
sud that ¢,[i] andt[j] are nottheroot of T3 and Ty, re-
spectively:

e if (i,7) € M then(pan(i), par(j)) € M.

Thetop-downdistancefromtreeT; to treeTs is the costof
a least-costop-downmappingbetweerl; andTs.

Example 2. Themappingof Figure 2 betweerthe treesof
Examplel is an alignmentmappingand also an isolated-
subteemappinganda top-downmapping
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Figure 2. Sample alignment mapping whic h is
also isolated-subtree and top-do wn.

2.5 Relationship betweenDistanceMeasures

These distance measureswere related to each other
in [29], establishinghusa hierarchyamongtree edit dis-
tances.

Lemma 1 (Wang, Zhang, 2001). Assumethat the cost of
identical substitutiongs 0 andthe costof all othereditop-
erationsis 1.

1. LetT; andT5 betwo treesandlet M bean isolated-
subtee mappingfrom 7 to T>. ThenM is also an
alignmentmappingfromT; to T5.

2. LetT; andT; betwo treesandlet M bea top-down
mappingfromT; to T>. ThenM is also an isolated-
subteemappingfromTy to Ts.

Notice that every alignmentis, by definition, a map-
ping. Thisyieldsahierarchyamongdistanceneasuref?9],
where top-davn mappingsare isolated-subtreenappings
which,in turn,arealignmentsvhich, in turn,aremappings.

In the next section the bottom-updistancds introduced
andits relationshipwith previous tree edit distancess es-
tablished completingtherebythe previoushierarchy

3 A Bottom-Up DistancebetweenTrees

The bottom-updistancebetweerrootedtreeswasintro-
ducedin [28], wherean algorithm was givento compute
the distancebetweertwo treesT; andTs, eitherorderedor
unorderedjn expectedO(n; + n2) time. The bottom-up
distancebetweentwo non-emptyrootedtrees?; andTs is
equalto 1 — f/ max(nq,ns), wheref is thesizeof alargest
commonforestof Ty andT». Thealgorithmfor computing
the bottom-updistanceis basedon a simple and efficient
bottom-upalgorithm for finding all commonrooted sub-
treesin aforestin expectedO(n; + n2) time[27], whichis
improvedin Section4 to take worst-case)(n; + n2) time.

A new definition of bottom-updistanceis given next
which is basedon mappings.A bottom-upmappingis an
isolated-subtreenappingin which the childrenof nodesin
themappingarealsoin the mapping.

Definition 6. An isolated-subtee mappingM from a tree
T, to atreeT> is bottom-upif it satisfieghefollowing con-
dition:

o if (27.7) € Mthen(ilajl))"' 7(ik)jk) eEM

wheee t1[i1], ... ,t1[ix] are the children of nodet,[¢] and
t2[j1], - . ,t2[jk] are the children of nodet,[j]. Thebot-
tom-updistancefromtreeT] totreeTs is thecostof aleast-
costbottom-upmappingbetweerl’; andTs.

Example 3. Themappingof Figure 3 betweerthe treesof
Examplesl and 2 is the bottom-upmappingof largestsize
betweerthetwotrees.

Underthe assumptiorof unit cost[21, 29], the bottom-
up distancebetweentwo treesclearly correspondgo the
largestbottom-upmappingbetweerthe trees. As a matter
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Figure 3. Sample bottom-up mapping.

of fact, it sufficesthatthe costof identicalsubstitutionse
lessthanthe costof the otheredit operationdor a largest
bottom-upmappingto correspondo the least-cosbottom-
up mapping. Similar relationshipsare alsoknown to hold
for theedit distancebetweergraphda3, 4, 9].

Now, the bottom-updistanceturnsout to coincidewith
thetop-dawn distanceonly for isomorphictrees.

Lemma?2. Let T; and T, be two treesand let M be a
bottom-upmappingfromT; to Ts. If M is alsoa top-down
mappingfromTy to Ts, thenTy = Ts.

Proof. LetT; andT, betwo treesandlet M beamapping
from T3 to T, which is bothtop-dovn andbottom-up. Let
also(i, j) € M. SinceM is atop-davn mapping.all nodes
in the pathfrom ¢ to theroot of T} arein M, andsince M
is alsoa bottom-upmapping all nodesof the subtreeof T
rootedat the root of T3, thatis, all nodesof T3, arein M.
Therefore I} = Ts. O

Thereare,however, isolated-subtremappingswvhichare
neithertop-dowvn nor bottom-up,asshovn by thefollowing
example.

Example 4. Themappingof Figure 4 betweerthe treesof
Examplesl and 2 is an isolated-subtee mappingwhich is
neithera top-downmappingnor a bottom-upmapping
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Figure 4. Sample isolated-subtree mapping
whic h is neither top-do wn nor bottom-up.

4 Computing the Bottom-Up Distance

The bottom-updistancebetweentwo treescorresponds
to thelargestbottom-upmappingbetweerthe trees,which
in turn correspondgo the largestcommonforestbetween
the two trees. The latter is becausebottom-upmappings
areisolated-subtremappingsandthuscorrespondo com-
mon forests. Therefore,the bottom-updistancebetween
two rootedtreesT; and7> canbe computedn lineartime
by thefollowing steps:

1. Obtainacompactedlirectedacyclic graphrepresenta-
tion G of the forest F' consistingof the disjoint union
of Ty andT,, togetherwith a correspondenc& be-
tweenthenodesof T; and7, andthenodesof G.

2. Extract a mapping M from T; to T3, accordingto
graphG andnodecorrespondenck .

3. Computethe bottom-updistancebetween; andT5,
accordingto mappingh .

Now, given a forest consistingof the disjoint union of
two rootedtreesT; andTs, the extendedsubtreeisomor
phismproblem(finding all subtreesof T, thatareisomor
phic to eachsubtreeof T7) is equivalentto the extension
to forestsof the commonsubepressionproblem: repre-
senta rootedtree in a maximally compactform as a di-
rectedagyclic graph,wherecommon(isomorphic)subtrees
arefactoredandshared A solutionto arny of theseproblems
yield alsoa largestcommonforestbetweeril; andTs.

Definition 7. Let F' be a forest. The compactedepresen-
tation of F' is a directedacyclicgraph G sud thata node
[v] of G is an equivalenceclassof nodesof F', whele two

nodesu andv are equivalenif, andonlyif, thesubteeof F

rootedatw andthesubtieeof F' rootedat v areisomorphic,
andthereis a directededge from node[u] to node[v] in G

if, andonly if, there existnodesu, andwv in somerootedtree
T of F such thatv is a child of w in T'.

Example5. GraphG of Figure5 is thecompactedlirected
acyclicgraphrepresentatiorof 7y andT;. Thecorrespon-
denceK betweenmnodesof 77 and T, and nodesof G is

given explicitely. Graph G is presentedwith nodesar-

rangedin bottom-uporder of non-deceasingheight, from
right to left.

The common subepressionproblem was introduced
in [8], wherea rathercomple, linear time algorithm for
orderedlabeledtreeswas given. The ideafrom [10] that
a procedurefor dynamicallymaintaininga global table of
uniqueidentifiersallows the compactedepresentatioof a
rootedtreeto be determinedn expectedlinear time, was
exploited in [27] to give a simple algorithm for extended
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T 6| T G|Tr» G|T» G|T» G
1 6|6 4|11 9|16 1|21 1
2 3|7 2|12 8|17 1|22 2
3 28 1|18 7|18 2|23 1
4 1|9 2|14 3|19 1|24 2
5 1|10 1|15 2|20 5|25 1

Figure 5. Compacted directed acyclic graph
representation of two rooted trees.

subtreeisomorphismthat also takes expectedlinear time,

andis hereimprovedto take worst-casdineartime by ma-
nipulatingtherootedtreesin thegivenforestandcomparing
themwith thegraphrepresentatioof theforestby meansof

anodecorrespondencénsteadof computingisomorphism
codes.More complex algorithmsfor extendedsubtreeso-

morphismareknown for orderedjabeledtrees[12] andfor

unorderedunlabeledreeg|7].

4.1 Computing the Compacted Dir ected Acyclic
Graph Representation

The algorithm givenin Figure 6 computesn time lin-
earin the numberof nodesthe compactedlirectedacyclic
graphrepresentatioid’ of a forestF' consistingof the dis-
joint union of two rootedtreesT; andT5, partitioningthus
the setof rootedsubtreesof T} and 75, into isomorphism
equivalenceclassesTheresultingcorrespondenceetween
nodesof the treesandnodesof the graphis returnedaspa-
rameterK , amapof nodesof T} andT; to nodesof G.

The algorithmis basedon a bottom-uptraversalof the
trees, that is, a traversalof 7T; and 7> by order of non-
decreasindneight. The nodesof 7; andT» aredequeued

in bottom-uporder, andmappedo a correspondingnodein
thecompactedlirectedagyclic graphrepresentatiod right
upondequeuinghem.

Now, becausef the bottom-uporder, the childrenof a
nodeof T} or Ty beingconsideredvill alreadyhave been
mappedo nodesn G, whichallowsto easilycheckwhether
thenodemustbemappedo somenodein G corresponding
to nodesin T; or T, of the sameheightasthe nodebeing
consideredpr it mustbe mappedo a new nodein G. As
a matterof fact, noticethata nodew in theforestF’ canbe
mappedo anodew in thegraphG beinghbuilt, only if the
childrenof nodev in F' correspondne-to-ondo the chil-
drenof nodew in G. Sincegraph( is built duringabottom-
up traversalof forest F', sucha correspondencemeanghat
the childrenof nodev in F' will have beenmappedone-to-
oneto the childrenof nodew in G, andthe correspondence
canbe testedin time linearin the degreeof nodesv in F
or w in G. Furthermoresincenodev in F' canbe mapped
to nodew in G only if v andw have the sameheight,and
graphG is beingbuilt in orderof non-decreasingpeight,
only thosenodesw which werelastaddedto G needto be
consideredscandidatesvhich nodev couldbe mappedo.
Alternativealgorithmg7, 8, 12], requireradix sortingof the
setof all nodesof G correspondingo nodesof F' of same
heightasnodew, in orderto obtainalineartime algorithm.

Notice that, sincesomeorderingamongthe nodesof a
graphis fixedby ary particularrepresentatioof the graph,
andgiventhatin thealgorithmin Figure6 only thosenodes
w which werelastaddedto graphG needto be considered
ascandidatesvhich nodev couldbe mappedo, thereis no
needin line 21 to iterateover all nodesof G andit suffices
to iterate over thosenodeswhich wherelast addedto G,
thatis, to iterateover all nodesof G in reverse(underthe
particularrepresentationsedin theimplementationprder

Regardingtime compleity, eachof then; nodesin Ty
andns nodesin T is enqueuedand dequeuednly once
and for eachdequeuednode, only thosenodesin G (if
ary) whosecorrespondingnodesin Ty or T, have the same
heightasthe dequeuechodeare consideredas candidates
which the dequeuechode could be mappedto. For each
such candidatenode, a list of the nodesin G which the
children of the nodein Ty or T> have beenmappedto is
comparedvith alist of the childrenof the candidatenode,
whereaghesdistsarebothbuilt accordingo asamepartic-
ularorderingof nodesandedgedixedby therepresentation
of G. Thereforethenodesin G correspondingo all of the
nodesn T; andT; arefoundor addedn O(n; + n») time.

Dealingwith unorderedreegustrequiressortingthelist
V of nodesin G which the childrenof nodewv in F' have
beenmappedo, andthelist W of childrenof nodew in G,
right beforetheV = W equalitytest. Sortingthesdlists of
nodescanbe madein time linearin the lengthof the lists
(the deggreeof nodew in F', sameasthe outdegreeof node



procedure compact(Ty, T»: tree,G: graph,K: map)

1. let F bethedisjointunionof 77 andTs

2:  let L beanemptymapof nodelabelsto nodesof G

3. for all leaflabelsf in F do

4 addanew nodez to G

5: label[z] « ¢

6: Li{] « z

7. endfor

8: let@Q beanemptyqueueof nodesof F’

9: for all nodesv in F' do

10: children[v] + outdegree[v]

11: if children[v] = 0then

12: enqueuaodev into @

13: endif

14:  endfor

15.  repeat

16: dequeuaodev from @

17: if outdegree[v] = 0 then

18: K[v] «+ L[label[v]]

19: else

20: found + false

21 for all nodesw in G in reverseorderdo

22: if height[v] # height[w] or outdegree[v] #
outdegree[w] or label[v] # label[w] then

23: break

24: endif

25: V + {KJu] | uisachild of nodev}

26: W « {K]Ju] | uisachild of nodew}
27 if V=W then
28: K] +w
29: found < true
30: break
31 endif
32: end for
33: if notfoundthen
34: addanew nodew to G
35: K[v] + w
36: label[w] « label[v]
37 height[w] < height[v]
38: for all childrenu of nodev do
39: addanew arcin G from w to K [u]
40: endfor
41: endif
42: endif
43: if nodew is nottherootof atreein F' then
44 children[parent[v]] < children[parent[v]] —1
45: if children[parent[v]] = 0 then
46: enqueuaodeparent[v] into @
47: endif
48: endif
49: until thequeueq is empty
end procedure

Figure 6. Computing the compacted directed acyclic graph representation of a forest, consisting of

the disjoint union of two rooted trees.

w in @) usingbucket sort, for instanceon the nodenumber
in theactualrepresentatioof G.

4.2 Computing the Bottom-Up Mapping

Giventhe compactedirectedagyclic graphrepresenta-
tion G of the disjoint union of two non-emptyrootedtrees
T, andT5, togetherwith a map K of nodesof T; andT»
to nodesof G, a bottom-upmappingfrom 7 to T, cor-
respondingo a largestcommonforestbetweenT; andT;
canbeobtainedby just collectinganunmappedsomorphic
subtrean T, for eachunmappedubtreeof T} duringapre-
ordertraversalof T;. Althoughary unmappedsomorphic
subtreein T would do in the caseof unorderedrees,for
orderedtreesthe leftmostone, that is, the onewhoseroot
hastheleastpreordemumberhasto betaken.

The algorithmgivenin Figure7 computesa bottom-up
mappingfrom arootedtreeT; to arootedtreeTs, giventhe
compactedlirectedagyclic graphrepresentatior of the
disjointunionof T andT5, togethemith thecorresponding
map K of nodesof T andT; to nodesof G. Theresulting

bottom-upmappingis returnedas paramete/, a map of
nodesof T; to nodesof Tx.

Correctnes®f the algorithmfollows from the fact that
every largestunmappedubtreeof T} isomorphicto a sub-
treeof T, will befoundduringalevel-ordertraversalof 71,
uponwhich the whole subtreeof T; is mappedto the iso-
morphic subtreeof T, found. Sucha mappingis madein
lines 14—17duringa simultaneoupreordertraversalof the
two subtreesalthoughary kind of symultaneousraversal
couldbeusedaslongasthetraversalis of thesamekind for
bothsubtrees.

Example 6. The largest commonforest betweenrooted
treesT; and T> from Example5, as computedby the
bottom-upmapping algorithm, is indicated by encircled
nodesin Figure 8.

4.3 Computing the Bottom-Up Distance
Finally, thebottom-updistancebetweertwo rootedtrees

can be readily computedfrom a bottom-upmappingbe-
tween them. The (straightforvard) algorithm given in



procedure mapping(7y, Ts: tree,G: graph,K: map,
M: map)

1. setM toanemptymapof nodes
2. let M~ beanemptymapof nodes
3. for all nodesv of T} in level-orderdo
4: if M[v] is undefinedhen
5: w < to [TLQ]
6: for all nodesy of T, with K[u] = K[v] do
7: if M~1[u] is undefinedhen
8: if preorder(u] < preorder[w] then
9: w U
10: endif
11 endif
12: end for
13: if K[v] = K[w] then
14: for all nodess of T; [v] andt of Tx[w] in pre-
orderdo
15: Mls] «t
16: M= t] « s
17: endfor
18: endif
19: endif
20: endfor
end procedure

Figure 7. Computing a bottom-up mapping
between two rooted trees.

Figure 9 computesthe bottom-up distancebetweentwo

non-emptyrootedtreesT; and 7. A call of the form

distance(Ty,T>,1,1,1) computesthe bottom-updistance
betweeril; andT, undertheassumptiorof unit cost.

5 Conclusions

A new bottom-updistancemeasurebetweerrooted, la-
beledtreeswhichis basedn thelargestcommonforestof
thetreesjs introducedn this paperandcomparedvith pre-
viousdistancemeasurepublishedn theliterature:editdis-
tance top-davn distancealignmentdistance andisolated-
subtreedistance. The bottom-updistance which is a par
ticular caseof the isolated-subtrealistance,is shavn to
coincidewith the top-dovn distanceonly for isomorphic
trees,extendingthusthe known hierarchyamongtree edit
distances.The diagramin Fig. 10 illustratesthe inclusion
relationshipsamongthe mappingsunderlyingthe different
distancemneasures.

Themainadwantageof thebottom-updistances thelow
compleity: it canbe computedin time linear in the size
of thetrees,onrooted,labeled orderedreesof unbounded
degree,andrathersimplealgorithmsaregivenfor comput-
ing the measure.Besides the bottom-updistancehasthe

T1 T2

/9\2
AN |
5

88 iy

Figure 8. A largest common forest between
two rooted trees.

1: function distance(Ty,T>: tree,p, q,r: real)
let G beanemptydirectedgraph

let K beamapof nodesof T; and75 to nodesof G
let M beamapof hodesof T} to nodesof T,
compact(Ty,T>,G, K)

mapplng(Tla T2a Ga K; M)

d« |T| - |M]|

s « |{(v,w) € M | label[v] # label[w]}|

i |To| — |M|

10 retuns-p+i-q+d-r

11: endfunction

Figure 9. Computing the bottom-up distance
between two rooted trees.

samelow complexity for unorderedrees. Thesefactsturn
it into a suitablemeasurefor the direct comparisonof la-
beledtrees,aswell asa fastfilter for searchingn a metric
spaceof trees.
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